The exceptional points of non-Hermitian systems, where n different energy eigenstates merge into an identical one, have many intriguing properties that have no counterparts in Hermitian systems.
I. INTRODUCTION
Extending physical parameters from the real axis to the complex plane largely deepens our understanding of quantum mechanics [1, 2] and enriches our controllability of quantum systems [3] [4] [5] [6] [7] [8] [9] [10] [11] . One intriguing phenomenon that emerges from this extension is the nonHermitian degeneracy, known as the exceptional point (EP). In contrast to level degeneracy points in Hermitian systems, the EP is associated with level coalescence, in which not only the eigenenergies but also the eigenstates become identical [12, 13] . Many distinctive effects without Hermitian counterparts arise around the EP, such as the square root frequency dependence [7] and the nontrivial topological property resulting from the Riemann sheet structures of the EP-ended branch-cut in the complex parameter plane [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . Other intriguing phenomena include unidirectional reflectionless and coherent perfect absorption due to the spectral singularity in non-Hermitian systems [4] [5] [6] [24] [25] [26] .
Around the n-th order EP [27, 28] , where the coalescence of n levels occurs, the eigenenergy shows an 1/n dependence on the perturbative parameter . This result stands in sharp contrast to the Hermitian degeneracy, where the eigenenergy has a linear or high-order dependence. That means the eigenenergies around EPs have diverging susceptibility on the parameter change since d 1/n /d = 1/n−1 diverges at = 0. Based on this divergence, schemes of parameter estimation (or sensing) working around EPs were proposed for the purpose of beating the metrology limit of Hermitian systems [29, 30] . Recently, this idea has been experimentally studied [31] [32] [33] . However, the diverging eigenvalue susceptibility does not necessarily lead to arbitrary high sensitivity. In parameter estimation the sensitivity is usually defined as minimum parameter change that can be determined above the noise level within a given data acquisition time. Thus defined sensitivity is more relevant than the eigenvalue susceptibility is to practical applications of parameter estimation. In Hermitian systems, the sensitivity is inversely proportional to the eigenvalue susceptibility, i.e., the larger the susceptibility, the higher the sensitivity. Such a relation is based on the fact that all the eigenstates are distinguishable and the transitions between these eigenenergies can be excited to measure the eigenvalue susceptibility. However, non-Hermitian systems are fundamentally different. Because different eigenstates of non-Hermitian systems are in general non-orthogonal and even become identical at the EP, exciting the transitions between different eigenstates near the EP to measure the eigenvalue susceptibility is infeasible.
In this paper, we study the sensitivity around the EP of a coupled cavity system for its immediate relevance to recent experimental studies [31, 32] . Nonetheless, the theoretical formalism and the main conclusion -no dramatic sensitivity enhancement at the EP -are applicable to a broad range of systems, such as magnon-cavity systems [34, 35] and optomechanical systems [36] [37] [38] . We use the exact formalism of quantum Fisher information (QFI) [39] to characterize the sensitivity of parameter estimation. The QFI formalism enables us to evaluate the sensitivity without referring to a specific measurement schemebe it phase, intensity, or any other complicated measurements of the output from the system.
We find that no sensitivity boost exists at the EP. The reason boils down to the coalescence of the eigenstates around the EP. Due to the indistinguishability of different eigenstates around the EP, not one but all eigenstates are equally excited by an arbitrary detection field. The average of all eigenstates exactly cancels out the singularity in the susceptibility divergence of the eigenenergies and makes the sensitivity normal around the EP.
II. MODEL
We consider two near resonance coupled cavities with the effective non-Hermitian Hamil-
where ν a(b) is the cavity frequency and γ a(b) is the decay rate induced by the photon leakage of the cavity a(b), g is the coupling strength, and the Planck constant is taken as unity throughout this paper. For the quadratic Hamiltonian in Eq. (1), the dynamics are captured by the coefficient matrix are the average and difference in decay rates, respectively. In sensing experiments, the detuning → 0 is a perturbation term and can be introduced, e.g., by a nanoparticle that changes the effective volume and hence the frequency of one of the cavities, say, cavity a [31] .
The eigenvalues and the corresponding right eigenvectors are obtained by diagonalizing
and ψ
where z ± are the normalization factors such that ψ 
− iγ 2 . The susceptibility of the energy splitting diverges at the EP as
The eigenvectors ψ R ± of the non-Hermitian M are in general non-orthogonal and coalescent at the EP as |ψ
III. QUANTUM FISHER INFORMATION
In general, the sensing can be viewed as a scattering process. The input state ρ in after scattering with the sensing system yields an output state ρ( ), which depends on the parameter that is to be estimated. Certain measurement of the output state ρ( ) determines the parameter . The sensitivity is defined as
where δ min is the minimum detectable parameter change for a detection time T [40] . In general, the sensitivity depends on the specific measurement scheme, which, in optics, is usually the measurement of the phase, the intensity, or various quadratures. However, there is a theoretical lower bound for all kinds of measurement, which is known as the quantum Cramér-Rao bound [41] η ≥ 1/ F n/T .
Here F is the QFI of the output state ρ( ) and n/T is the number of experiment repetitions per unit time. Mathematically, QFI is defined as the infinitesimal Bures distance between two close-by output states ρ( ) and ρ( + δ ) [42] , namely
Here d B (ρ, ρ ) is the Bures distance, which describes the indistinguishability between the states ρ and ρ [43, 44] . Formally, it has an expression
where
is the fidelity between the states ρ and ρ . A particular advantage of the QFI is that it is independent of the specific measurement scheme. In the following, we use the QFI to characterize the sensitivity of a non-Hermitian system.
According to the definition of QFI in Eqs. (6) and (7), the highest sensitivity is determined by the change of the state ρ( ) in response to the variation of the parameter .
The output state ρ( ) and the input state ρ in are connected via the scattering process [45, 46] . The input ν-frequency photonĉ in ν after scattering by the sensing system gives the output photonĉ out ν . In formula, we havê
where the input and output operators are defined asô in/out (t) =Ω † ±ô (t)Ω ± with the Moller operatorsΩ ± = lim t →∓∞ e iĤt e −iĤ 0 t andĤ =Ĥ 0 +V is the total Hamiltonian withĤ 0 being the free Hamiltonian andV being the interaction between the sensing system and the input photons (see Appendix A for details). Here the symbol "∧" denotes the commutation operation, i.e.,Â ∧B = [Â,B] and the subscript ν inŝ
We consider a general case of linear systems. The
are linear operators and γ ex,j is the coupling strength between the input photons and j-th mode of the sensing system. For exampleô 1 =â,ô 2 =b and γ ex,j = γ ex δ j,1 for the coupled cavity system shown in Fig. 1 . Taking the interactionV as a perturbation and expanding it to the second order, we obtainĉ
, where P ν n,m = n ν |ρ in |m ν is the density matrix element of the input state. Here we assume that the input state is a product state of different frequency modes. A small disturbance δ of the sensing system changes the output state to
The QFI, with the expansion in Eq. (10) kept to the leading order of δ , becomes
where |µ α is α-th eigenstate of ρ( ) with eigenvalue p α . The output state ρ( ) and its differential ∂ ρ( ), as functions of (M is divergent. Note that such a singular condition is independent of the EP. For example, the coefficient matrix in Eq. (2) shows no divergence at the EP as
2 = 0 for all frequencies. Therefore, the QFI for a sensing system
with well defined M ν shows no singularity at the EP.
For the completeness of discussion, we briefly comment on sensing systems with det
0. In such a case, ρ( ) and its differential ∂ ρ( ), in general, are singular because the divergence of (M −1 ν ) lj makes the output state ρ( ) sensitive to the parameter . A small change of can make an abrupt change of ρ( ). In physics, the abrupt change of the output state indicates a non-equilibrium phase transition. An explicit example is the lasing transition of a gain cavity system [47] . By embedding a gain medium into cavity b and applying optical pumping, the effective decay rate is effectively reduced to γ b and even change its sign (see Fig. 3 ). That yields the lasing threshold
Above the threshold, the system is in lasing phase. The singular point is in general not related to the EP that occurs at g = |γ|/2 = (γ a − γ b )/4, unless the nonequilibrium phase transition coincides with the EP. An example is the PT phase transition that occurs at g = γ a /2 and γ b = −γ a . But even for such coincidence, the divergence of QFI is caused by the phase transition rather than the EP. This is evidenced by the fact that F , as a function of (M non-equilibrium phase transition is needed before a conclusion can be made on whether the phase transition can dramatically enhance the sensitivity of parameter estimation, which, however, is beyond the scope of this paper.
Physically, the lack of divergence of QFI at the EP is due to the coalescence of the eigenvectors (quasinormal modes). The coefficient matrix in Eq. (2) can be diagonalized as
where D ν is a diagonal matrix of eigenvalues (ν − ν ± ) and V is the matrix composed of the eigenvectors ψ
)χ]σ + , where σ x/y/z are the Pauli matrices, σ ± = 1 2
(σ x ± iσ y ), and ψ R ±,i denotes the i-th element of the right eigenvector ψ R ± . The term (
vanishes at the EP due to the eigenvector coalescence, canceling the ∆ −1 susceptibility divergence near the EP.
The analysis based on Eq. (10) is applicable for a coefficient matrix M ν of any dimensions and hence an EP of arbitrary order. Therefore, the QFI shows no divergence at the EP in general.
IV. INPUT-OUTPUT THEORY
We consider the configuration of a coupled cavity system with input and output channels (as shown in Fig. 1 ). The QFI is extracted from the output for the parameter estimation (e.g., estimation of the frequency of a cavity). In addition to the waveguide input and output, we also include the realistic leakage into the free space, with rates γ a/b for cavity a/b. The Hamiltonian of the open system is written aŝ
whereĤ S = ν aâ †â + ν bb †b + g(â †b +b †â ) is the Hamiltonian of the coupled cavity system, 
whereĉ
e iν(t f −t)ĉ ν (t f ) are the noise operators at t = −∞ (input) and t = +∞ (output), respectively. The evolution of the cavity operatorsâ(t) andb(t) is governed by the quantum Langevin equations
where γ a = γ a + γ ex and the definitions ofâ in (t) andb in (t) are similar to that ofĉ in (t). The input-output relation is found to bê
is the dressed propagator of cavity a, and G 
. We denote the expectation values asX ν = X 1,ν , X 2,ν and the correlations as the covariance matrix [49, 50] ,
where the dot symbol denotes the derivative ∂ and P ν ≡ det[2C ν ] −1/2 denotes the purity.
The QFI for all the waveguide modes (which are taken as independent of each other) is
F ν . Using Eq. (17), we obtain
where S ν = γ ex G a (ν) characterizes the scattering amplitude and the term |α ν | 2 /(2n ν + 1)
characterizes the signal-to-noise ratio. The propagator has an explicit expression G a (ν) =
. Near the EP, each mode ν ± shows square root perturbation dependence, which makes the susceptibility divergent. However, the product (
− i 2 ) gives a smooth, linear perturbation dependence. Therefore the QFI F shows no divergence at the EP. To show that the absence of divergence of QFI at the EP is related to the state coalescence, we expand the QFI as
from which, we define the QFI for the splitting ∆ = (ν + − ν − ) as
It measures the available information in the output state ρ the divergent susceptibility χ 2 (see Fig. 2 c) , we find that the susceptibility divergence is exactly counteracted by the vanishing QFI F ∆ . Similar arguments apply to the second term in the expression of F shown in Eq. (20) . Thus the QFI F is a smooth function around the EP.
V. ACTIVE-PASSIVE CAVITY SYSTEM
By embedding a gain medium into cavity b, the decay rate γ b is effectively reduced and can even change the sign to realize an active cavity. Through this method, an effective activepassive coupled cavity system has been realized to study the PT symmetry [7, 51] . It is interesting to know whether the EP in the active-passive system can enhance the sensitivity. The gain can be realized, e.g., by stimulated emission of a medium with population inversion.
However, there exists a threshold that limits the maximal achievable gain rate. Above the threshold, the system will be in the lasing phase (a self-adaptive region) in which the effective decay rate description becomes invalid. In this study, we constrain the gain rate below the lasing threshold.
Below the threshold, the gain cavity works as an amplifier. The decay rate of the gain cavity due to the pumped gain medium becomes 
is the average photon number modified by the gain medium. Then the QFI in Eq. (18) becomes
Below the threshold, both
) 2 are the eigenvalues of the coefficient matrix of the active-passive coupled cavity system. Therefore, F is a smooth function at the EP. Figure 4 (b) reveals that the QFI is a smooth function of the population inversion S z around the EP (indicated by the vertical dashed line). The enhancement of the QFI with increasing the population inversion is induced by the gain medium. The stronger the optical pumping is, the larger population inversion is induced, and the higher sensitivity is obtained.
In the linear theory, the QFI diverges at the lasing threshold, i.e., S z = S c . In Fig. 4 (b), the divergent behavior is shown in the dotted line. However, the critical fluctuation neglected in linear description becomes important near the threshold, which may prevent the sensitivity from divergence. The discussion of the effects of the critical fluctuations is beyond the scope of this paper. Further increasing the pumping power, the coupled cavity system will exceed the threshold and enter the lasing phase. The EP, known as the PT phase transition point, occurs at the point g = γ a 2 and = 0 in the parametric space;
when 2g > γ a , the system is in the PT symmetric lasing phase, where both modes are lasing; whereas when 2g < γ a , the PT symmetry breaks and the system is in the single mode lasing phase [8, [52] [53] [54] . In contrast to the cases below the lasing threshold, a nonequilibrium phase transition occurs at the EP. The conclusion revealed in Eq. (10) , that the enhancement of the QFI at the lasing transition is not caused by the divergence of the energy splitting susceptibility but the phase transition, can be generalized to this case. We can also understand this conclusion from the coalescence of the different quasinormal modes counteracts the susceptibility divergence at the EP.
VI. CONCLUSION AND DISCUSSION
We show that the exceptional point in a non-Hermitian sensing system does not dramatically enhance the sensitivity, since the coalescence of the different quasinormal modes counteracts the singular behavior of the mode splitting. This is verified in the passive-passive and active-passive coupled cavity systems through the exact calculation of the quantum Fisher information. This conclusion is valid for high-order EPs and other sensing schemes.
Notes. After completion of this work, we came across the paper [W. Langbein, arXiv:1801.05750], to whose conclusion ours is similar. The sensing process by the linear optical system can be described by a scattering process.
We defineĉ
whereĉ ν is the operator of the scattering photon,Ĥ =Ĥ 0 +V is the total Hamiltonian of the input photons and the sensing system withĤ 0 being the free Hamiltonian andV being the interaction Hamiltonian between input photons and the sensing system. Taking a derivative of both sides of Eq. (A1) with respect to time t, we get
Utilizing the formulas that e iĤtô e −iĤt = e itĤ∧ô andĉ in v (t − τ ) =ĉ ν e −iν(t−τ ) , we simplify the result toĉ
With the formulaĉ out ν (t) =Ω † −ĉν (t)Ω − , the input-output relation is obtained
where (ô)
e iνtôin (t) denotes frequency ν component of contribution. We consider a general case of linear systems. The Hamiltonian readŝ 
The output state takes the form
where P ν nm = n ν |ρ in |m ν is the density matrix element of the input state. Here we suppose the input state is a product state of different frequency modes. A small disturbance δ of the sensing system changes the output state to
Applying this formula into the definition of Bures distance defined in Eq. 
where δρ( ) = ρ( + δ ) − ρ( ). Substituting Eq. (A11) into the definition of QFI and representing the density matrix ρ( ) in its eigenbasis, we get the expression of QFI as
where |µ α is the α-th eigenstate of ρ( ) with the population p α . 
whereX ν =X ν ( ), C ν = C ν ( ), the symbol dot denotes the derivative ∂ , and P ν ≡ det[2C ν ] −1/2 denotes the purity.
Below the lasing threshold, the operatorŜ z is well approximated by its mean-field average,
